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Abstract 



We prove a general existence result for instantaneously complete Ricci flows 

QfJi starting at an arbitrary Riemannian surface which may be incomplete and may 

have unbounded curvature. We give an explicit formula for the maximal existence 



^>, , time, and describe the asymptotic behaviour in most cases 



1 Introduction 



Hamilton's Ricci flow [Ham82] takes a Riemannian metric go on a manifold M. and 
deforms it under the evolution equation 

!„(*) = -2Ric|>(t)] 



9(0) = So 

CN ■ 

There is now a good well-posedness theory for this PDE which we summarise in the 
following theorem. 



Theorem 1.1. (Hamilton [Ham82], DeTurck [DeT03], Shi [Shi89], Chen-Zhu [CZ06].) 
Given a complete Riemannian manifold (M. n , go) with bounded curvature Rm[go] < Ko> 
**"■" ' there exists T > depending only on n and Kq, and a Ricci flow g(i) for t E [0, T) 

satisfying (1.1) with bounded curvature and for which (M,g(t)) is complete for each t £ 
[0, T). Moreover, any other complete, bounded curvature Ricci flow g(t) with g(0) = go 
must agree with g(t) while both flows exist. 



We will call the Ricci flow whose existence is asserted by this theorem the Hamilton-Shi 
Ricci flow. 

This paper is dedicated to the more general problem of posing Ricci flow in the case that 
the initial manifold (M,go) may be incomplete, and may have curvature unbounded 
above and/or below. Without further conditions, this problem is ill-posed, with extreme 
nonuniqueness. However, in [ToplO] the second author introduced the restricted class 
of instantaneously complete Ricci flows, proving the following theorem in the case that 
dim.M = 2. 

Theorem 1.2. (Topping [ToplO].) Let (Ai 2 ,go) be any smooth metric on any surface 
.M 2 (without boundary) with Gaussian curvature bounded above by Kq € M. Then for 
T > sufficiently small so that Kq < -|=, there exists a smooth Ricci flow g(t) on M 2 
for t S [0,T], such that g(0) — go and g(t) is complete for all t £ (fi,T]. 



The curvature of g(t) is uniformly bounded above, and g(t) is maximally stretched in 
the sense that if (<?(£) L p r n f>i is any Ricci flow on A4 2 with g(Q) < g(0) (with g{t) not 
necessarily complete or of bounded curvature) then 

g(t) < g{t) for every t G [0, min{T, T}] . 

From now on wc will call a Ricci flow (M,g(tf) where / = [0,T) or / = [0,T] 
instantaneously complete, if g(t) is complete for all t G I with t > 0. 

The significance of this class of instantaneously complete Ricci flows lies in the conjec- 
ture, also from [ToplO], that the solution g{t) should be unique within this class. See 
Conjecture 1.5 below. 

In this paper we improve Theorem 1.2 in three ways. First, we drop the need for the 
upper curvature bound on the initial metric; second, we give a precise formula for the 
maximal existence time in all cases; third we show that the (rescaled) Ricci flow converges 
to a hyperbolic metric whenever there exists such a metric to which it can converge. 

Theorem 1.3. (Main theorem.) Let [A4 2 ,gQj be a smooth Riemannian surface which 
need not be complete, and could have unbounded curvature. Depending on the conformal 
type, we define T E (0, oo] by 

±vo\ go M if(M,g )=S 2 , 
T := \ £ V ol go M if (M,go) = C or (M,g ) S RP 2 , 
oo otherwise.* 

Then there exists a smooth Ricci flow (g(t)) f(Z ir, T -> such that 

1- .9(0) = go; 

2. g(t) is instantaneously complete; 

3. g(t) is maximally stretched, 

and this flow is unique in the sense that if (iKi))^^ ^ is any other Ricci flow on M. 
satisfying 1,2 and 3, then T <T and g(t) = g(t) for all t G [0,T). 

If T < oo, then we have 

.. f 8tt(T-£) if (M, go) =5 2 , 1 n . „ _ 

and in particular, T is the maximal existence time. Alternatively, if M. supports a com- 
plete hyperbolic* metric H conformally equivalent to go (in which case T = oo,) then we 
have convergence of the rescaled solution 

— g(t) — > H smoothly locally as t — > oo. 

// additionally there exists a constant M > such that go < MH then the convergence is 
global: For any k £ No := NU{0} and r\ G (0, 1) there exists a constant C = C(k, n, M) > 
such that for all t > 1 



k°w- H 



<-f- ^ o. 

C k (M,H) 



tWe call a metric H hyperbolic if it has constant Gaussian curvature K[H] = — 1. 



In fact, in this latter case, for all t > we have ||^<?(£) — ^1lc°(A-i H) — T> an< ^ even 

1 M 

0< —g( t )-H< —H. 

~ 2f n ' ~ It 

Note, for any smooth Riemannian manifold (Ai,g) we denote the C k norm of a smooth 
tensor field T on M. by 



fc 
T =y sup 

CHM,g) ^ M 



W g T 



The final part of Theorem 1.3 suggests that the Ricci flow has a uniformising effect 
in great generality. Note that in the special case of compact surfaces, an elegant and 
complete theory* has been developed by Hamilton and Chow to this effect: 

Theorem 1.4. (Hamilton [Ham88], Chow [Cho91].) Let (A4 2 ,go) be a smooth, compact 
Riemannian surface without boundary. Then there exists a unique Ricci flow g(t) with 
<?(0) = go for all t € [0,T) up to a maximal time 

T= \i^(M) Yoi aoM if X (M)>0 

oo otherwise, 

where x(.M) denotes the Euler characteristic of M. Moreover, the reseated solution 

'^^g(t) ifx(M)>0 

g(t) if x (M)=0 

had) ifx(M)<0 

converges smoothly to a conformal metric of constant Gaussian curvature 1,0,-1 resp. 
as t -> T. 



Although our result proves that the instantaneously complete Ricci flow will always 
uniformise a manifold of hyperbolic type, irrespective of whether it is complete or not, and 
Theorem 1.4 proves that it does the same in the spherical case, the asymptotic behaviour 
is more involved on the remaining manifolds whose universal cover is conformally C. 
Nevertheless, the techniques of this paper can be applied to that case, for example to 
address the conjecture in [IJ09, §1]. 

Theorem 1.3 asserts not just the existence but also the uniqueness of the given Ricci flow, 
although only within the class of maximally stretched solutions. In fact, the message of 
[Top 10] is that uniqueness should hold in the much more general class in which this 
maximally stretched condition is dropped: 

Conjecture 1.5. (Topping [ToplO].) The solution of Theorem 1.3 is unique within the 
class of instantaneously complete Ricci flows g(t) with g(0) = go- 

This conjecture was partially resolved in [GT10], and in this paper we make further 
progress. Precisely, we have the following two partial results: 

Theorem 1.6. In the setting of Theorem 1.3, if(M,go) is not conformally equivalent to 
any hyperbolic surface and (g(t)). ,„ j,-, is any instantaneously complete Ricci flow with 

,g(0) = .go, then f < T and g{t) = g{t) for all t € [0,f ). 



*For a survey see [CK04, §5] or [Gie07]. 



We stress that no curvature assumption is made on the competitor g(t) in the theorem 
above. The theorem can be compared to the results of Chen which would imply this type 
of strong uniqueness in the case that (M,go) is complete, of bounded curvature and with 
controlled geometry [Che09]. 

The following can be viewed as a generalisation of a result from [GT10]. 

Theorem 1.7. Let (M 2 ,H) be a complete hyperbolic surface. Suppose (<7i(i)) te r T 1 an d 

(.92(i)) ff=[n T , are two instantaneously complete Ricci flows on A4 which are conformally 
equivalent to H , with 

(i) 3i (0)=. 92 (0); 

(ii) there exists M > such that gi(0) < MH; 

(in) there exists e £ (0, min{Xi, T2}] such that the curvature of each gi(t) is bounded 
above for a short time interval [0, e] . 

Then gi(t) = g2(t) for all t £ [0, min{Ti, T2}] . 

Since the complete uniqueness conjecture has not been fully resolved above in the case 
that the initial metric is conformally equivalent to some complete hyperbolic metric, it is 
apriori conceivable that in the case that (M,go) is complete and of bounded curvature, 
the Ricci flow we construct in Theorem 1.3 could be different from the standard Hamilton- 
Shi solution of Theorem 1.1. We rule out this possibility in the following theorem. 

Theorem 1.8. Let (A4 2 ,go) be a complete Riemannian surface with bounded curvature, 
and let {g(t)) f( ., () T -, be the corresponding solution constructed in Theorem 1.3. Then g(t) 
agrees with the Hamilton-Shi Ricci flow of Theorem 1.1 as long as the latter flow exists. 

The combination of Theorem 1.3 and Theorem 1.8 generalises a number of other results 
which have appeared recently, proved with different techniques: 

• In the special case that the initial surface (M,go) is complete, topologically finite, 
with negative Euler characteristic x(.M) < 0, and on each end of M. the initial 
metric go is asymptotic to a multiple of a hyperbolic cusp metric [JMS09] or of 
a funnel metric [AAR09], Ji-Mazzco-Scsum or Albin-Aldana-Rochon resp. show 
existence and smooth uniform convergence of the normalised Ricci flow to the 
unique complete metric of constant curvature in the conformal class of go. Since 
the number of cusp or funnel ends is finite and their complement is compact we 
observe that there exists a conformally equivalent metric H of constant negative 
curvature with H > go and we may apply alternatively Theorem 1.3. 

• If (M 2 ,go) is a complete Riemannian surface with asymptotically conical ends 
and negative Euler characteristic x(M) < 0, then Isenberg-Mazzeo-Sesum show in 
[IMS 10] the existence of a Ricci flow g(t) on M. for all t € [0,oo), with g(0) = go, 
and smooth local convergence of the rescaled flow tr l g{t) to a complete metric of 
constant negative curvature and finite area in the conformal class of go- This is a 
special case of Theorem 1.3. 

• For an initial metric go on the disc T> which is bounded above and below by posi- 
tive multiples of the complete hyperbolic metric H, Schniirer-Schulze-Simon show 
existence and smooth uniform convergence of the normalised Ricci flow to H in 
[SSS10]. Theorem 1.3 implies that the metrical equivalence can be weakened to 
.9o < MH for some M > 0. Moreover, without this condition we still have smooth 
local convergence. 



The article is organised as follows: After summarising some of the specific properties of 
the Ricci flow in two dimensions in the following paragraph, we show in Section 2 several 
apriori estimates for instantaneously complete Ricci flows which have initially a multiple 
of a hyperbolic metric as an upper barrier. These include sharp barriers (above and 
below) at later times, the smooth convergence of the rcscalcd how, curvature estimates 
and thus long time existence. The main ingredients here come from Chen's very general 
apriori estimate for the scalar curvature of a complete Ricci flow [Che09] and Yau's 
version of the Schwarz Lemma [Yau73]. In Section 3.1 we exploit these properties to 
improve the existence result from [ToplO] (Theorem 1.2) on the disc to the case where 
we might have initially unbounded curvature, by applying the very same Theorem 1.2 
locally where we have both bounded curvature and the estimates from Section 2. We 
also prove Theorem 1.7. In Section 3.2 we prove a lower barrier for Ricci flows on C 
only requiring the instantaneous completeness of the flow. This barrier is sufficient to 
use a comparison principle by Rodriguez- Vazqucz-Estcban [RVE97] and gain uniqueness 
in this class, leading to a proof of Theorem 1.6. Finally, in Section 3.3, we bring all these 
ingredients together to prove the Main Theorem 1.3. 



Ricci flows on surfaces 

Since our results address the two-dimensional case, we briefly recall some special features 
of Ricci flows on surfaces. On a two-dimensional manifold, the Ricci curvature is simply 
the Gaussian curvature K times the metric: Ric[g] = K[g\ g. The Ricci flow then moves 
within a fixed conformal class, and if we pick a local isothermal complex coordinate 
z = x + \y and write the metric in terms of a scalar conformal factor u G C°°(A4) 

g = e 2 « |dz| 2 

where |dz| 2 = da; 2 + dy 2 , then the evolution of the metric's conformal factor u under 
Ricci flow is governed by the nonlinear scalar PDE 

^-u = e- 2u Au = -K[u]. (1.2) 

dt L J y ' 

where A := ■§-* + ■§-* is defined in terms of the local coordinates and we abuse notation 

ox ay 

by abbreviating K [g] by .K"[u]. 

The definition of a maximally stretched Ricci flow can now be viewed as a height- 
maximality of the conformal factor, i.e. e 2u (') |dz| 2 is maximally stretched if and only if 
we have u{t) > v(t) for any other conformal solution e 2v ^ \dz\ 2 with u(0) > v(0). 

There is an independent interest and extensive literature on (1.2) which after the change 
of variables v = c 2u is called the logarithmic fast diffusion equation: 

J^ = A]Qgt>. (1.3) 

In a physical context it models the evolution of the thickness of a thin colloidal film 
spread over a flat surface if the van der Waals forces are repulsive. For details we refer to 
[DdP95], [DD96] and [RVE97] plus the references therein. Virtually all of the literature 
in this direction considers the equation on R 2 , and we will appeal to some of these results 
in the case that the universal cover of the surface is conformally C. Hui (e.g. [Hui02]) 
has considered the problem on bounded domains in K 2 . Typically the logarithmic fast 
diffusion literature considers solutions with some sort of growth condition at infinity, 
sometimes phrased in terms of membership of an LP space, and in this paper we are 
replacing these conditions with the instantaneously complete condition. 
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2 Ricci flows with an upper hyperbolic barrier 



In this section we will derive some estimates for Ricci flows mainly under the assumption 
that they are initially bounded from above by some (possibly large) multiple of a hyper- 
bolic metric. No curvature assumptions will be made on the flow at any time, and yet we 
derive pointwisc and also derivative bounds which will be of fundamental importance in 
the later proofs. In particular, we apply these estimates even when there is no hyperbolic 
metric conformally equivalent to the initial metric of the Ricci flow; the trick will be to 
restrict to smaller compactly contained subdomains where such a metric will exist. 



2.1 C° bounds 

Lemma 2.1. Let (yVf 2 ,-ff) be a complete hyperbolic surface and let (g{t)) fG , T1 be a 
Ricci flow on M. which is conformally equivalent to H . 

(i) If g(t) is instantaneously complete, then 

(2t)H < g(t) for all t € (0, T\. (2.1) 

(ii) If there exists a constant M > such that g(0) < MH , then 

g(t) <(2t + M)H for all t € [0,T]. (2.2) 

Proof, (i) To establish the lower barrier (2.1) we use Chen's apriori estimate for the 
scalar curvature (Corollary B.2) to obtain the lower curvature bound — ^ < K[g{t)} for 
all t <G (0,T]. Yau's Schwarz Lemma (Theorem B.3) allows us then to compare g(t) with 
H, establishing (2.1). (For further details on Yau's result we refer to [GT10, §2].) 

(ii) Without loss of generality we may (possibly after lifting to its universal cover) assume 
A4 2 = T> and write g(t) = e 2u ^> \dz\ 2 . To prove the upper barrier, consider for small 
5 > 0, u = — and write the conformal factor of a complete Ricci flow on the disc of 

radius 1 — S with Gaussian curvature initially — M as 

hs(t, z) := log (i 2 }] ? 6 J ]zV + \ logfo + M) . 



Note that u is continuous on [0, T] xVi-g and hs(t, z) — >• oo as z — > dT>i-s for all t € [0, T]. 
Also, with this choice of M, we have initially u\ (0,-) < ho\ (0,-) < hg(0, •). 
Therefore the requirements of an elementary comparison principle for the Ricci flow 
(cf. Theorem A.l) are fulfilled, and we may deduce that u|_ < hs holds throughout 

[0, T] x T>i-$. Since hs is continuous in S, letting 8 \ yields (2.2). □ 



2.2 C k bounds 

In this section we bootstrap the estimates of the previous section to obtain estimates for 
higher derivatives. 



Lemma 2.2. Let (e 2u ^ t ) |dz| 2 ) , „, be an instantaneously complete Ricci flow on the 



unit disc T> and for r G (0, 1] let H r 



,2h r 



\dz\ be the complete hyperbolic metric on 



the disc V r of radius r. If e 2u ^' D r \dz\ 2 < MH r for some M > 0, then there exists for 

any S G (0, min{r, T}) and k G Nq a constant C k = Ck(k,r,5,M) < oo such that for all 

te[S,T] 

1 



u(t, ■) - - log(2t) 



C k (D r _ s ,\dz\ 2 ) 



<C k 



(2.3) 



Proof. Lemma 2.1 provides the following upper and lower bounds for u, 



1 — \z\ z 2 r z 



2r 



+ -\og(2t + M) 



(2.4) 



for all t G (0, T] and z G T> r . Since \u\ cannot be bounded uniformly away from t = 
independently of T, consider the normalised flow v(t) defined by 



v(t, z) := u(t, z) — s(t) 



where 



,s(t):=ilog(2i), 



which evolves with the new time scale s according to 



d_ 

ds 



1 dv 



1 



du ., , 
157 " A*) 



s'(t) dt s'(t) \dt 
* (.^A«-/(*))- * (.^.-*A,-/(*)) 



s'(t) 



e~ 2v Av-l = div(e- 2v -Dv) 



2c- 2t lDv| 2 -l. 



(2.5) 



From (2.4) we get uniform bounds for \v\ away from t = 0, which are independent of T, 

2 , , . 2r 



log 



1- z 



< v(t, z) < log ■ 



1, 2t + M 

— log . 

2 S 2t ' 



(2.6) 



for z <EV r . Indeed, fixing 8 G (0, min{r, T}] , there exists a constant C = C(M, 5, r) > 

such that 

sup k> < C < oo. 
[V=,T]xx> r _ 5/2 

Thus the evolution equation (2.5) for v(s) is uniformly parabolic on [s( <5 /2), s(T)\ xD r _ S / 2 , 
which allows us to apply standard parabolic theory (e.g. [LSU68, Theorem V.l.l] to 
establish Holder bounds on v and then bootstrap with [LSU68, Theorem IV. 10.1]) to 
obtain, for any fc G No, constants C k = Ck(k,S,C) > such that 



\ C *+T 



{[8,T\x(V r - S ,\dz\*) 



<c k 



yielding (2.3). 



□ 



Theorem 2.3. Let (A4,H) be a complete hyperbolic surface, and suppose (<?(£)) . ,. _, 

is an instantaneously complete Ricci flow on A4 which is conformally equivalent to H . 
If ff(O) ^ MH for some constant M > 0. then for all k £ No and any r\ G (0, 1) and 
6 G (0,T) (however small) there exists a constant C = C(k,r],5,M) < 00 such that for 
all t G [6, T] there holds 



±9V)-H 



< 



C k (M,H) 



c 



(2.7) 



Proof. Fix any point p £ Ai, and let ir : T> — > Ai be a universal covering of M. with 
7r(0) = p. Without loss of generality we may then write the pulled back metrics ir*g(t) = 
e 2u(t) l^p anc j tx*H = e 2h \dz\ 2 , the latter being the complete hyperbolic metric on the 
disc. We also have e 2M (°) < Me 2h by hypothesis. 

Using Lemma 2.2 we obtain for every k £ N constants C' k = C' k (k, S, M) > such that 
we have uniform C fe -bounds for all t £ [6, T] 



sup 



D fc / _!_ e 2 ("(*)->0 -i 

2i 



sup 



D fc / e 2(M(t)-Jloj 



2t) e -2/i 



<<X 



(2. 



By virtue of Lemma 2.1 there is a much stronger C°-cstimatc for all t £ (0,T] on 2? 



0< J_e 2 W*)- fe )-l < M 
~ 2i ~ 2t' 



(2.9) 



Now fix 77 £ (0, 1) and combine (2.9) and (2.8) with the interpolation inequality of Lemma 
B.6 to obtain for every fcgN constants C' k ' = C' k (k, ij, S 7 M) > and I — \ k /v\ such that 
for all t £ [5, T] 



D k I J_ e 2(u(t)-h) _j 

2t 



(0) < C,[r {1 -^. 



(2.10) 



|dz|' 



Note that the case k = of (2.10) is already dealt with by (2.9). Then we estimate using 
Lemma B.5 (with constant c = c(k) > 0) and (2.10) for all t £ [S,T] 



( -</(*) - H 



(P) 



H 



= 


^ H (^ 2{u{t) - h) -l)^ 


if 




B J (L e Hu(t)-h) A 


|dz 


< 


k 


niu—0-—Tj) . n'"+-i x - 


7), 



(0) 



7T*ff 



(0) 



(2.11) 



Since pgM was chosen arbitrarily and the constants C' k are independent of p (and of 
7r), (2.11) holds for all p £ M. and we conclude that with C = C(k, 77, S, M) > 0, 



2i^- H 



<cr (1 -' 7) 



C k {M,H) 



for all t e [S,T\. 



□ 



2.3 Curvature bounds and long time existence 



Proposition 2.4. Let (A^ 2 ,if) be a complete hyperbolic surface and (<?(0)+ P roTi an 
instantaneously complete Ricci flow on Ai, conformally equivalent to H. If g(0) < MH 
for some constant M > 0, then for all S £ (0, T] there exists a constant B = B(AI, 5) < 00 
such that for all t £ [5, T] there holds 



K[g{t)\ 



< 



B 



Proof. By Theorem 2.3 there exists a constant C = C(S, M) > such that for all t £ [S, T] 

C 



K[g(t)] 



l 

2t 



K 



k^\ 



< 



2t' 



U 



Note that from Theorem 2.3 we even have 
2tK[g(t)]=K \±g(t) 



-1 uniformly as £ — > oo. 



By the work of Shi and Chen-Zhu (Theorem 1.1) we can state Hamilton's long time 
existence result [Ham82, Theorem 14.1] in the more general setting of complete Ricci 
flows. Although we only need it on surfaces it is also true in higher dimensions. 

Lemma 2.5. For some T < oo and k < oo let (s(i))+ P rn v\ ^ e a com pl e t e Ricci flow 
on a manifold M. n with bounded curvature Rm[j(i)] < K for all t £ [0,T]. Then there 
exist constants r = t{k,ti) > 0, k — k(n,n) < oo and a smooth complete extension 
(pw) t(z\ci T4- 1 suc h th a t ff(0 = ffW f or a M t G [0>^~1 an d R ni [9(^)] — ^ / or a ^ ^ G 

[T,r + r]. 

Moreover, if for some e > iftere exists another such complete extension (g{t)) ta , ()T , , 

with bounded curvature and g(t) — g(t) for all t € [0, T], then g{t) = g(t) for all t € 
[0, T + min{r, e}] . 



Proof. By Theorem 1.1 of Hamilton-Shi there exist a constant r = t(k,u) > and 
a complete Ricci flow (g(t)) te , TT+ , starting at <?(T) = g(T) with bounded curvature 

Rm[g(t)]| < k < oo for all t G [T, T + r]. Combining both solutions we obtain the 
desired extension (g{t)) te i a t+t] by setting g(i) = g(t) for all t £ [0,T). 



£[0,T+e] 



for some e > is another complete Ricci flow with bounded curvature 



If (ff(*)) t 

extending g(i), then g(i) = g(i) for all t € [0, T + min{r, e}] by Theorem 1.1 of Hamilton 
or Chen-Zhu. □ 

Corollary 2.6. Let (.M 2 ,-ff) be a complete hyperbolic surface, and (<?(£)) /(= r n T i an * n_ 
stantaneously complete Ricci flow on M., conformally equivalent to H. If g(0) < MH 
for some constant M > 0, then there exists a unique instantaneously complete extension 
of g(t) defined for all time t £ [0, oo). 

Moreover, if for some Kq < oo there holds K[g(t)\ < kq for all t £ [0, T], then there exists 
a constant k = k(M, T, Kq) < oo such that 



K[g(t)} < 



for all t £ [0, oo). 



(2.12) 



Proof. The long-time existence is a direct consequence of the preceding Lemma 2.5 and 
the apriori curvature bounds of Proposition 2.4: We have for all t £ [ T /2,T] 



K[g{t)} 



B 2B 

< — < =: K\ < oo. 

~ t ~ T 



(2.13) 



By Lemma 2.5 there exist a r > depending only on k,\ and a unique extension 
\9w)te\n T4- i wn -h the very same curvature bound k\ in (2.13) on the larger time in- 
terval [ T / 2 : T + t\. Iterating these arguments we obtain for any j £ N an extension 



(ff(*))t e roT+'Tl W ^ bounded curvature |if[g(4)]| < «i for all t € [ T /2,T + jr], and 
therefore we can continue g(t) to exist for all time t £ [0,oo). Since the curvature is 
bounded away from t = 0, by Lemma 2.5 the extension is also unique among other 
instantaneously complete extensions. 

In order to show the uniform upper bound for the curvature in (2.12), note that (2.13) 
is true for all t <G [ T /2,oo). Combining that bound with kq for times t € [0, T /2], we 
conclude the theorem with k := maxJKo, n\\. □ 



3 Existence 



3.1 Existence of a maximally stretched solution on the disc V 

In this section we prove the main existence and asymptotics result in the case that the 
Ricci flow starts at a Riemannian surface which is conformally the disc. 

Theorem 3.1. Let (T>, H) be the complete hyperbolic disc and let go be a smooth (possibly 
incomplete) Riemannian metric on T> which is conformally equivalent to H . Then there 
exists a unique^, maximally stretched and instantaneously complete Ricci flow g(t) for all 
time t £ [0, oo) with g(0) = go, and the reseated flow converges smoothly locally 

Yt 9 ^ 1 — > H as t ^°°- 

Moreover, if go < MH for some (possibly large) M > then the convergence above is 
global: For any k £ Nq and n 6 (0, 1) there is a constant C = C(k, ij, M) > such that 



h 8 ®-* 



c 

< 



+ 1-7) 

C k (V,H) L 



fort > 1. 



Proof. Without loss of generality, we can write go — e 2u ° \dz\ 2 for the initial metric and 
H = e 2h \dz\ 2 for the complete hyperbolic metric on the disc T>. 

Let (-Dj) N C T> be a suitable exhaustion of T>, e.g. Dj = T> 1 i , and define Cj :~ 

sup^,. uq < oo and k° := sup D . if [go]- Furthermore let Hj = c 2hj \dz\ 2 be the complete 
hyperbolic metric on the smaller disc Dj . Note that there holds 

go\ D <e 2C ^, (3.1) 

Then for each j £ N, by virtue of Theorem 1.2" there exist constants Tj = Tj(k'j) > 0, 
kj = kj(Tj,K®) < oo, and a maximally stretched and instantaneously complete solution 
((?,■(£)),, to the Ricci flow on Dj with gj(0) = go\ D ., an d K[g(t)\ < kj for all 

t £ [0, Tj}. Since <7j(0) < e 2Cj Hj, we may apply Corollary 2.6 to show that each gj(t) can 
be extended to exist forever and has a uniform (in t) upper curvature bound K[gj(t)] < 
Kj = KjiCjjK®) < oo. Define Uj(t) such that e 2 "^*) |dz| 2 = gj(t). 



§In fact, if g(t) is any maximally stretched Ricci flow for t £ [0, T] with g(0) = go, then g(t) = g(t) 
for all te [0,T]. 

^Combining the techniques of this paper and of [GT10] yields a simpler, more direct proof of this 
theorem. 
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Next observe that owing to Lemma A. 2, for all (t, z) G [0, oo) x T> and j G N sufficiently 
large such that z G Dj, the sequence (uj(t, z)) N is (weakly) decreasing. Therefore, for 
any Q CC T> and T G (l,oo), Uj is uniformly bounded above (independently of j) on 
[0, T] x $7 for sufficiently large j. On the other hand by Lemma 2.1(i) we know that the 
conformal factor of the 'big-bang' Ricci flow {2t)H is a lower barrier for each gj(t) i.e. 



+ -log(2t)<uj(t) 



(3.2) 



for all t > 0. Therefore for any to G (0, T), Uj is uniformly bounded below (independently 
of j) on [to,T] x 17. To obtain a uniform lower bound on Uj near £ = 0, we will follow 
the ideas of [ToplO] and appeal to the pseudolocality-type result Theorem B.4 of Chen. 
Since Q is compact and go is smooth, we can choose ro , vq > sufficiently small such 
that for all p G ft there holds, for sufficiently large j, 

(i) B go (p- : r ) CC Dj, in particular B g ^ t )(p;r ) CC Dj for all t G [0,T]; 

(ii) \ K \9o\\ < r o 2 on # 9 ofe r o); 
(hi) vol ff0 B 9o (p;r ) > u »"o- 

Therefore we may apply Theorem B.4 to each such flow gj(t) and obtain a constant 
T = T (wo, ''o) G (0, T] such that for sufficiently large j and t G [0, r] 



#[&(*)] < 2r,7 2 on fi. 



(3-3) 



By inspection of the Ricci flow equation, this gives us a uniform lower bound on Uj on 
[0, r] x J7 for sufficiently large j. 

Combining these estimates, we find that we have uniform upper and lower bounds for 
the decreasing sequence Uj on [0, T] x Q (independent of j, for sufficiently large j) and 
thus we may apply parabolic regularity to get C k estimates on the functions Uj (uniform 
in j, for sufficiently large j) on any compact subset of [0, oo) x T>. Therefore we may 
define a smooth function u : [0, oo) x T> — > R by 

u(t,z) := lim Uj(t,z), 

j-s-oo 

and the corresponding metric flow g(t) := e 2ui ^> |dz| 2 must be a smooth Ricci flow, defined 
for all t G [0, oo), with 5(0) = g Q - By (3.2) we also have (2t)H < g(t) on V for all t > 0, 
so g(t) is instantaneously complete. 

To see that g(t) is maximally stretched, let u : [0,e]xl)->lbe the conformal factor 
of any other Ricci flow with u(0, •) < Uo, then the maximality of Uj(t) tells us that 
u\Dj{t,z) < Uj(t,z) for all z G Dj and t G [0,e], and therefore (taking j — > 00) u(t,z) < 
u(t, z) for all z G T> and t G [0, e]. Obviously g(t) is unique amongst maximally stretched 
solutions (cf. Remark A. 5). 

We now conclude the proof by showing the asymptotic convergence: For fixed CI CC T> 
define S := dist(f2, &D) > 0, and fix k G N. Using Lemma B.5 (with constant C = 
C'(6, k) > 0) and Lemma 2.2 we establish uniform C fc -bounds on ft for all t > 1 



sup 

Q 



[^9{t)-H 



= sup 

H " 



v^ ( f t g(t) 



<C 



H 



1 



git) 



V2C 



3 2(u(t)-ilog2t) 



< 



C( k,S, sup uo) ■ 



2t 

C*(K 1 _ s ,|d«|3) 



C fc (X>i_ 4 ,|dz| 2 ) 



(3.4) 
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For any r £ (0, 1], let H r be the complete hyperbolic metric on the disc T> r of radius r. 
Note that for < s < r < 1 we have H\~ < -Hr Lj < -H s . Using Lemma 2.1 we can 
estimate for any r £ (1 — S, 1) with M(r) = inf{Af > : go| P < Mi? r } on V r ~DZ) il 

< ~ff(t) - # = (^<7(i) - Hr) + (Br - H) < ^-H r + (H r - H) . 



Therefore 



lim sup 

t— >-oo 



2t 9{t) ~ H 



c°(n,H) 



M(r) 
< lim sup 

t— >CXD 2l 



_fl . 



F r - i? 



C°(f2,ff) 



H r -H 



C°(Q,H) 



c°(n,H) 



(3.5) 



Combining the local uniform C^-bounds (3.4) with the C°-convergence (3.5) we obtain 
local convergence in the C k norm 



Yt^- H 



C k {Q.,H) 



Finally, if go < MH for some constant M > then the uniform and smooth convergence 



of 573(t) to H as t — >• oo is a consequence of Theorem 2.3. 



□ 



Proof of Theorem 1.7. By Corollary B.2 and Corollary 2.6 gi(t) and <72(*) satisfy all 
conditions to compare each flow with the maximally stretched solution of Theorem 3.1 
using the same proof as [GT10, Theorem 4.1]. □ 



3.2 Existence and uniqueness on the complex plane C 

Whilst Lemma 2.1 gives a good lower barrier for solutions on the disc D C C, it cannot 
be used directly on the whole plane C, because the plane does not admit a hyperbolic 
metric. However, the following theorem provides such a uniform bound in that case by 
considering the plane with a disc taken off which does admit a hyperbolic metric. 

Theorem 3.2. Let (e 2u( - t ' |dz| 2 ) [nrl be a smooth, instantaneously complete Ricci flow 

on the complex plane C. Then there exists a constant C = C '(ulrOjTlxx^i^j < °° such 
that for all \z\ > 2 and t € (0,T] there holds 

u(t, z)>-C- log(|z| log \z\) + l - log(2t). 

Proof. Pick any cutoff function ip £ C£°(2?2, [0, 1]) with ip = 1 in T> 3 / 2 , and define 

sup \u\ — I Dm I 



a 



[0,T]x(V 2 \V 3/2 ) 



\\dz\ 2 



|D 2 m| 



\dz\ 2 ' 



Furthermore, let e 2h \dz\ 2 be the complete hyperbolic metric on C \ T>, i.e. h(z) = 
— log(|z| log \z\). Finally, consider an interpolated metric defined by the conformal factor 
v £ C°° ([0, T] x (C \ V)) given by 

v(t, z) :— (p(z) ■ h(z) + (l — (p{z)j ■ u(t, z). 
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Note that by Corollary B.2, we have K[u(t)} > -^ for all t G (0,T]. Thus we can 
estimate the Gaussian curvature of e 2v ^ \dz\ 2 for all t G (0,T], by 

{—1 for \z\ < |. i.e. where v = h | 
-/? forf<|z|<2 I > mini -1,-/3 j 

— ^ for |z| > 2, i.e. where v = u \ 

where j3 = (3(a,tp) > 1. Comparing e 2 "(*) \dz\ 2 with e 2h \dz\ 2 using Theorem B.3 yields 
for all (t,z) G (0,T] x (C\X> 2 ) 

u(i, z) = v(t, z) > h(z) + - log(mm{2i, /J- 1 }) > -C - \og(\z\ log \z\) + - log(2i), 

defining C := maxji log(2T), o} + \ log/3 < oo. D 

Corollary 3.3. Let (<7l(£)Lpr nT i fl 71 ^ (^Wj/crn ti ^ e ^ wo R^cd flows on C conformally 
equivalent to |dz| 2 . If g2(t) is instantaneously complete and <?i(0) < 32(0), then gi(t) < 
52 (i) for all te [0,T]. 

Proof. By Theorem 3.2 the conformal factor u(t) of </2(£) = e 2 "'*^ 1 |dz| 2 satisfies the 
decay condition (A.l) of the comparison principle Theorem A. 7 by Rodriguez, Vazquez 
and Estcban, and the Corollary's statement follows. □ 

It is now easy to prove Theorem 1.6 by dividing into the two cases that the universal 
cover of (M.,go) is conformally S 2 or C. 

Theorem 3.4. Let go be a smooth (possibly incomplete) Riemannian metric on the 
complex plane C, which is conformally equivalent to |dz| 2 . Then there exists a unique 
instantaneously complete Ricci flow g(t) with g(0) = go for all t £ [0, T) up to a maximal 
time 

T = — vol 0n C < 00. 

47T J 

Uniqueness here is in the sense that any other instantaneously complete Ricci flow on C 
with initial metric go will agree with g(t) while they both exist. Moreover, the flow g{t) 
is maximally stretched. 

Proof. In [DD96] DiBenedetto and Diller showed that if vol 9o C < 00, there exists a 
maximally stretched and instantaneously complete solution g{t) to the Ricci flow for 
t G [0, T) up to a maximal time T = 4- vo\ go C, with volume decaying linearly to zero as 
t increases to T. 

In the case of infinite volume vol go C = 00 we are going to approximate the solution 
by a sequence of finite volume solutions: Define a weakly increasing sequence (go,j) pN 
that converges smoothly locally to g , but has finite volume vol So t C < 00 for all j G 
N. Then apply for each j G N DiBenedetto and Dillcr's existence theorem to obtain 
instantaneously complete solutions gj(t) with <7j(0) = go,j, defined for all t G [0,7}) up 
to a maximal time Tj = -^ vol So . C — > 00 as j — > 00. These instantaneously complete 
solutions allow us to use Corollary 3.3 to see that the sequence (gj(t)) . „ is also weakly 
increasing for all j > jo such that t < Tj . By Lemma 2.1(h) there is also a uniform 
upper barrier on compact subsets of [0, 00) x C, hence by parabolic regularity theory, the 
sequence (gj(t)) . „ converges locally smoothly on [0, 00) x C to a smooth Ricci flow g(t) 
with 5(0) = go- Since for all t G (0,oo) we have g(t) > gj(t) for all j sufficiently large so 
that Tj > t, we find that g(t) is also complete. 
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The claimed uniqueness and the maximally stretched property are a direct consequence 
of Corollary 3.3. 

An alternative way of constructing g(t) would be to follow the strategy of Theorem 3.1 
but choosing Dj to be an exhaustion of C rather than T>. This gives an instantaneously 
complete solution which by uniqueness must agree with the solution above. □ 



3.3 Proof of Theorems 1.3 and 1.8 

Proof of Theorem 1.3. Let 7r : M. — > M. be the universal covering of M. with the lifted 
metric go = it* go, and let T < lsom(Ai , go) be the discrete subgroup of the isometry 
group, isomorphic to iri(JA), such that A4 = M/T. Then as is implicit throughout the 
paper, by virtue of the uniformisation theorem, (.M, go) is conformally equivalent either 
to the sphere S 2 , to the complex plane C or to the open unit disc T>. 

Therefore by Theorems 1.4, 3.4 and 3.1 resp. there exists an instantaneously complete 
and maximally stretched Ricci flow [g(t)j . (= r (1T \ on M with g(0) = go up to a maximal 
time 

'±vo\ So M HM=S\ 

(±vo\ So M HM = 

oo if M = V. 

By Lemma A. 6, L acts by isometries on (A4,g(t)) for every t £ [0, T), so we may 
quotient g(t) to obtain uniquely a maximally stretched and instantaneously complete 
solution g(t) = 7T*<?(£) on M = M/T for all t £ [0, T) with g(0) = .go- 
Finally, using the relation |F| • vol 9o Ai = volg M we are going to phrase the maximal 
time T in terms of (A^,(?o) by distinguishing the only cases: 

M=S 2 
M=KP 2 
= <^voLM<oo ifM^C and irl = 1 =^> M=C 



The local convergence in the hyperbolic case follows also from Theorem 3.1: For conver- 
gence on an arbitrary ball Bn{p',r) in (Ai,H) choose a point p £ n~ l (p) and consider 
the ball B v *h(p', r ) C T>. Then the local smooth convergence of hg{t) to H on Bh(p', r ) 
is a consequence of Theorem 3.1 which we can apply to show smooth convergence of 
jt<j(t) to tt*H on Bk*h(p', r). The global convergence in the case that go < MH for some 
M > is the statement of Theorem 2.3. □ 



Last we provide the proof that in the case of a complete initial surface with bounded 
curvature our solution does not differ from the Hamilton-Shi Ricci flow. 



Proof of Theorem 1.8. Since g(t) is the unique maximally stretched solution, it agrees 
with the solution from Theorem 1.2 which has a uniform upper bound to the curvature. 
On the other hand, Chen's apriori estimate Theorem B.l provides also a uniform lower 
bound to the curvature. From [Shi89] or [Ham82] we know that g(t) is complete and of 
bounded curvature. Therefore by Theorem A. 4 g(t) and g(t) must coincide. □ 



1-1 



i vol 90 M < oo 


]£M 


= S 2 and 


|r| 


= i 


h V01 90 M < oo 


HM 


= iS 2 and 


|r| 


= 2 


5F vol 50 M < oo 


HM 


= C and 


|r| 


= 1 


DO 


HM 


= C and 


|r| 


= o 


DO 


HM 


= V. 







A Comparison principles 

In this appendix we state different comparison principles and some direct consequences. 
We start with an elementary one whose proof can be found in [GT10]. 

Theorem A.l. [GT10, Theorem A.l] Let fi c C be an open, bounded domain and for 
someT> Oletu<E C 1 - 2 ((0,T)xfi)nC([0,T]xfi) andve C 1 ' 2 ((0,T)xfi)nC([0, T] xfi) 
both be solutions of the Ricci flow equation (1.2) for the conformal factor of the metric. 
Furthermore, suppose that for each t G [0,T] we have v(t,z) — > oo as z — > dfl. If 
v(0, z) > u(0, z) for all z G Q, then v > u on [0, T] x ft. 

As a direct consequence we can show that Ricci flows on discs of different sizes stay 
ordered. 

Lemma A. 2. For < r < R < oo let (si(*)) te r T i on ^R an d (#2(*)) tG r T] on V r be 
two solutions to the Ricci flow which are conformally equivalent on T> r and satisfy 

(i) gi(0)| Pr <g 2 (0), 

(ii) g2(f) is complete for all t G (0, T], 
(Hi) there exists a constant k G (0, oo) such that K[g2(t)] < k for all t G [0,T]. 

Then gi{t)\ Vr < g 2 {t) for all t G [0,T). 

Proof. Without loss of generality write g\{t) = c 2u ^ \&z\ 2 and g2(t) = e 2v ^ \dz\ 2 with 
u(t) G C^iVji) and v(t) G C°°(V r ). For any S G (0,T) define 

v s (t,z) -~v(c~ 2KS (t + 6),z) +kS for (t,z) € [0,T - 5] X D r , 

which is a slight adjustment of u, again a solution to the Ricci flow (1.2) 

'^vs - c- 2v * Avs^j (t, z) = c- 2 ^ (l v c- 2v A«) (c- 2 ^(i + <5), z) = 0. 

In order to compare u ■=_ and vs, we are going to check the requirements of Theorem 
A.l: For the conformal factor of the restricted metric we have »L- G C([0,T] x 2? r ). 
From (ii) and Lemma 2.1(i), we have that for all t £ [0, T — 5} 

2r 1 

vs(t,z)> log— —r- + -log2(t + S) -> oo as z ^ dV r . 

r l — |zp 2 

Finally to check the initial condition use the uniform upper bound k for the curvature 
of v from (iii) to integrate (1-2), and we may estimate 

v s {0,z) = v(e- 2KS 8,z) +kS> v(0,z) - ne~ 2KS S + k5 > u(0,z) 

for all z G T> r . Thus by Theorem A.l there holds vs(t, z) > u(t,z) for all (t, z) G 
[0, T - 8] x XV and all 5 G (0, T). Given any (t, z) G [0, T) x X> r , we may conclude 



u{t, z) < lim Vg(t, z) = v(t, z). 



D 



The following more geometrical comparison principle from [GT10] will us allow to give 
a simple proof of the uniqueness of complete Ricci flows with bounded curvature on 
surfaces. 
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Theorem A.3. [GT10, Theorem 4.2] For some T > let (#i(*)) ie[0 T] and (g 2 (t)) t£[Q T] 

be two conformally equivalent Ricci flows on a surface A4 2 , and define Q : [0, T] x M — > M 
to be the function for which g\{t) — e 2 Q(*' g 2 (t). Suppose further that g 2 (t) is complete 
for each t £ [0, T] and that for some constant C > we have 

(i) \K[g 2 ]\ < C, (ii) K[ gi ] < C, (Hi) Q<C 

on [0,T] x M. Ifgi{0) < g 2 {0), then g x {t) < g 2 (t) for all t € [0,T]. 

The contribution of Chen-Zhu [CZ06] to Theorem 1.1 was the uniqueness in the complete 
case. In our situation where the underlying manifold is two-dimensional, this is far 
simpler to prove than in the general case; the statement and proof are as follows. 

Theorem A. 4. Let (gi(t)) , _, and [g 2 (t)j , _, be two complete Ricci flows on a 

surface Ai 2 , with uniformly bounded curvature. If gi(0) = 52(0), then gi{t) = g 2 (t) for 
allte [0,T]. 

Proof. With respect to a local complex coordinate z, let us write g\{t) = e 2u ^ \dz\ 2 and 
g 2 (t) = e 2 "(*) \dz\ 2 for some locally defined functions u(t) and v(t), and define Q := u — v 
globally. Observe that Q is uniformly bounded since Q = at t — and the curvature 
of g\ (t) and g 2 (t) is uniformly bounded 



d 

Ft 1 



K[u 2 ] - K[ Ul 



< C <oo 



<CT. 



Therefore we may apply Theorem A. 3 twice to obtain g\(f) < g 2 (t) and g 2 (t) < g\{t) for 
allte [0,T]. D 

We will also require an obvious uniqueness property of maximally stretched solutions: 

Remark A. 5. Let (fl l (*)) te r 0T i an d (ff(0) tG r fl ^ c tw0 con fo rmau y equivalent and 
maximally stretched Ricci flows onAi 2 with i?(0) = g{0). Then g{t) = g(t) for all 
t e [0, min{T, f }] . 

One application of this uniqueness property is the preservation of the isometry group 
under a maximally stretched Ricci flow: 

Lemma A. 6. Let (.g(i)) f(Z , nT1 be a maximally stretched Ricci flow on A4 n . Then the 

isometry group does not shrink under the flow: Isom(.M, 5(0)) C Isom(.A/f,g(£)) for all 
t€[0,T\. 

Proof. Pick any <j> £ Isom(A / I, g(0))- Since the Ricci flow is invariant under diffeomor- 
phisms, (f>*g(t) is again a solution to the Ricci flow with (j)*g(0) = g(0) for all t € [0,T]. 
Because g{t) is maximally stretched, we have <j>*g(t) < g(t) and also (4>~ 1 )*g(t) < g(t) 
for all t £ [0,T]. Pulling back the latter inequality by <f> yields g(t) < <fi*g(t). Therefore 
g(t) = 4>*g\t) and <j> e Isom(M,g{t)) for all t£[0,T}. D 

The last comparison principle is a result from the theory of the logarithmic fast diffusion 
equation on C. 
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Theorem A. 7. (Variant of Rodriguez- Vazquez-Esteban [RVE97, Corollary 2.3].) Let 
(e 2u (*) |dz| 2 ) , , and (e 2l, |dz| 2 ) , T] be two Ricci flows on the plane C. If there 
exists C < oo such that u{t) satisfies the decay condition 

u(t,2)>-C-log(|z|log|«|) + -log(2t) for all (t,z) e (0,T) xC (A.l) 

and u(0) > v(0), then u(t) > v(t) for all t £ [0,T]. 



B Further supporting results 

In [Che09] Chen proves a very general apriori estimate for the scalar curvature of a Ricci 
flow without requiring anything but the completeness of the solution. 

Theorem B.l. (Chen [Chc09, Corollary 2.3(i)].) Let (g{t)). , n T] be a smooth complete 
Ricci flow on a manifold M n . If R[g{Q)\ > — k for some k £ [0, oo], then 

n 
R[9(t)]>~^-n forallt£[0,T]. 



A direct transfer to our situation where we have an instantaneously complete solution 
on a surface is: 

Corollary B.2. Let (g(t)\ , _,, be a smooth instantaneously complete Ricci flow on a 
surface M 2 . Then 

K[g{t)]>-j t forallt€(0,T}. 

For further applications and a simple proof of the following special case of the Schwarz 
lemma of Yau, see [GT10]. 

Theorem B.3. (Yau [Yau73].) Let (.A/fi,gi) and (A^,^) be two Riemannian surfaces 
without boundary. If 

(i) (Afi,.9i) is complete, 

(ii) K\g{\ > —a\ for some number a\ > 0, and 
(Hi) K[g 2 ] < -o 2 < 0, 

then any conformal map f : M.\ — > M.2 satisfies 

f*( 9 2) < -31- 
a 2 

A more elaborate argument of Chen leads to the following pscudolocality-type result 
giving 2-sided estimates on the curvature. 

Theorem B. 4. (Chen [Chc09, Proposition 3.9].) Let (g(t)) , „, be a smooth Ricci flow 
on a surface M 2 . If we have for some p e M., r^ > and vq > 

(%) B g{t) (p;r ) CC M for all t e [0,T]; 



(ii) K[g(0)] <r 2 on B g{0) (p;r ); 
(Hi) vol fl( o) B g ( 0) (p;r ) > w r 2 , 
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then there exists a constant C = C(vq) > such that for all t G [0,min{T, ^^o}] 



K[g(t)[ 



<2rn 



on B g(t) 



'( P; ?)' 



Occasionally we will have to switch between equivalent metrics in arguments, and will 
use the following elementary fact: 

Lemma B.5. Let (T>,H) be the complete hyperbolic disc and T G T{T ( - r,s 'D) any 
(r, s) tensor field. Then for every k G No and g G (0, 1) there exists a constant C = 
C(fc, g, r, s) > such that 

\\t\\ < HtII < f^llTll 

Clr Hc"=(C e ,|d z |2) - W 1 \\c k (V e ,H) - H Hc fc CD e ,|d2| 2 r 
In particular, we have 

^El v W T ,,„J°) ^ £K T Jo) ^ c El v W T u . jo). 



c^^i • l dz l 2 

3=0 



Idzl 



J=0 



fl 



i=o 



|d Z |2 



In order to bootstrap C° convergence into C k convergence (using C l bounds) we will 
need to be able to interpolate: 



Lemma B.6. Let u 



■1,1] be a smooth function such that for all k G N 

l|D fe M|L ,„, < oo. 



Then for all k G N and r\ G (0, 1) there exist constants C = C(k, rj) > and I := [ k /rf\ 

such that 

II 1- '' t-o i"\ 

«r,-mv ( BJ ) 



p*u (0) <C(1+ p'u 



Proof. By [GT01, Theorem 7.28] (for example) for arbitrary < fc < ^ there is a constant 
C = C(l) > such that for any smooth function v G C°°(B) n i°°(B) with bounded 
derivatives 

B )<tf(NL~ (B) + |l D HU ( B))- ( B -2) 



IdSI 



Now define w(x) := u(ex) for all x G B with e = ||u|U„o/ B -| G (0, 1] and choosing I = \ k /v\ 
we estimate with (B.2) 



\Wu\ 



e- k \\V k v 



<Ce 



<C £ 



,-fe| 



< C 1+ D'u 



< C 1 + llD'wl 



,+e'- fc ||D' u |l 



i i-i 



□ 
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